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Abstract

It is shown that the symmetry Lie algebra of a quantum system with accidental degen-
eracy can be obtained by means of the Noether’s theorem. The procedure is illustrated by
considering a generalized anisotropic two dimensional harmonic oscillator, which can have
an infinite set of states with the same energy characterized by an u(1,1) Lie algebra.

1 Introduction

We are going to study the accidental degeneracy [1,2] of the Hamiltonian

H= %Z(p? +2)+ M (1.1)

which is a two dimensional harmonic oscillator plus the projection of the angular momentum in
the z direction, M. We use atomic units in which A = m = e = 1 and A is a constant parameter.
This quantum system, for A = 1, describes the motion of an electron in a constant magnetic
field [3, 4] and its corresponding symmetry Lie algebra has been discussed by Moshinsky et al
[4]. A procedure that use the Noether’s theorem [5] is established to get the symmetry algebra
of the hamiltonian systems (1.1), for rational values of the parameter lambda. We show that
(1.1) represents a generalization of the degeneracies present in the anisotropic two dimensional
harmonic oscillator [6,7].

For the purpose of the paper it is convenient to introduce appropriate combinations of the

. creation 7; and annihilation £; operators, with: = 1,2, t.e. '

ma = -\}—i(m Lim), €i= %(el Fi6s), (1.2)
with the properties
[€aa€b] = [naanb] =0, [éa’nbl = bas, (na)'f =&, a=+,—. (13)

It is straightforward to find the expression of the hamiltonian (1.1) in terms of these operators

H=(1+X\Ns+(1-A)N-, (1.4)

373

PREGEDING PAGE BLANK NOT FILMED



where a constant term was neglected and N,, denotes the number of quanta in direction a. The

eigenstates of (1.4) are well known [4] and its eigenvalues are given by E,;m = v + Am; with

|m|=v,v—2...10r 0 and v denoting the total number of quanta. From this expression, it is

immediate that there is degeneracy for rational values of A, which can be defined as follows
Av vi = v

’\=_Am=—m[—-m,:;i,, (1.5)

Thus the accidental degeneracy associated to the hamiltonian (1.4) can be classified according
to the strength of the parameter A in three groups

{(A=2=1}, {A>1, A<-1}, {-1<Ai<1}. (1.6a,b,¢)

For the cases (1.6a, b), there are an infinite number of levels with the same energy, while for
the case (1.6c), there is a finite number of levels with the same energy .

In the second section, we find the classical symmetry Lie algebra of the generalized two—
dimensional anisotropic harmonic oscillator. In the section three, we discuss for all the cases of
A the corresponding symmetry Lie algebras which are responsible of the accxdental degeneracy
of the hamiltonian (1.4). Finally some conclusions and remarks are made.

2 Classical Syrixi'ni:étry Lie Algebr; for the Hamiltonian

In this section we apply Noether’s theorem in its active version [8] to the system described by
(1.4), its corresponding lagrangian is given by

1

L2A

232), E e

where we a.ssocxate mdxces 1 and 2 to the labels + a.na —, and we deﬁne )\1 =1 + )\ and
A2 =1- X From now onwards we - adopt the convention: repeated indices are summed except
when one of them appears with ),. Let us propose a symmetry transformation in terms of an
arbitrary function of coordinates and velocities, 6z, = Fy(zs, £3) . The correspondmg variation

of the lagrangxan (2.1) is glven by

oF, | BF

(:z:g,a 2w = )/\a — Folaza . (2.2)

Because 6z, is a symmetry transformation, (2.2) must be a total time derivative of a function
Q2. This implies that the following system of equations must be satisfied
| N 1. 95K o0 1. . 9R = .

—= =TIy [, =—— = —Ip - FyAaz, . 2.3a,b
s N 103, "Bz, e ' "0za ’ . (2.30,6)

In order to establish the 1ntegra.bxhty condxtxons for this system we derive (2 3a) with respect

to z. and (2.3b) with respect to &, and compare the results. Thus we get

aQ lan. laFc. aFC

AcZe

Qe _19%, 20, g 9% 2.4
32y - Moz et X8z, 91 24)




Now we set up the equality between the five crossed partial derivatives of (2, and give rise to
the following system of second order partial differential equations

OF, _9F,

dps  Opa’ (2.5a)
1., (0F 05 OF, OF,
O( ps apa) B (’\“ Bz, T A 5 ,,) 0, (2.5b)
0F, oF, 9 aF 20F
O<Aa Bz, A amb) (/\ ap -2 apa) =0, (2.5¢)

where the change from velocities to momenta #, = A,p, was made, and have defined the
differential operator

0 0
0= Ac (ICa—pc - pCa—zc')
From Eq. (2.5a) it is immediate that Fj = #, which means that G is the generator of the

symmetry transformation. Through the change of variables z; = :}-(:c & +1tpk), and its complex

conjugate, zj, it is straightforward to show that the operator O = {N =N*), with N = Az 52 3o
Using these results, we arrive to a set of partial differential equations which has a solution of

the form

G(zk,23) = 2z z32z; 225, (2.6)

if the n; are integer numbers and satisfy that n; = n3 and ny = n4 or the condition
=—_— = — (2.7

where the Eq. (1.5) was used. The integers k; and k, are relatively prime integers, and the
parameter ¢ takes the value 1 or —1. It takes the value 1 when Am + Av and Av — Am have
the same sign, and —1 otherwise. Thus we get, besides the trivial solution, six fundamental
solutions, although only three of them are independent. Then the corresponding conserved
quantities are given by :

Ny = z;2], K; = zl'k‘z{‘k’, Ks = z;k‘z;‘k’

’

Ny = z323, Ky =z z;"k’, K¢ = zf‘zék’. (2.8)

From this set we must find a symmetry algebra for the classical system. It isimportant to realize
that to build the algebra once we select a conserved quantity its complex conjugate must be
included. To do this, we find separately for the cases indicated in Egs. (1.6) the corresponding
expressions for the constants of the motion and from them select the independent ones which
allows its extension to the quantum case.

For A = 1 and A = —1 the sets are given by {1, N, 25,23} and {1, Na, 21, 21}, respectively.
In order to identify the symmetry algebra, we calculate its Poisson brackets, and clearly they
correspond to the direct sum of one-dimensional Weyl and unitary algebras, w(1) @ u(1).
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For A > 1 and A < —1, the constants of the motion are identical and we choose the set

1 1
hy = k_l'Nl - ENz y My = ky — kg(Nl -N2), (2.9a,b)
Ks = Fs(N,,Np)z1% 3%, Ko = Fo(Ny, Na)z;* 237 (2.9¢,d)

The F5 and Fg functions are deﬁnerd in such a way to obtain that the Poisson bracket
{Ix’s,I{s} = iCmy, (2.10)

where C is a constant that can be £1. This condition implies that

C

BRI

— N;)AN;RNgR, (2.11)

Then it is easy to prove that the set of constants of the motion {h;,m;,Ixs, Ks} constitute the
classical symmetry Lie algebra which, depending on the value of C, can be identified with an
u(2) or u(1,1) algebra.

For —1 < X < 1 we select the following independent constants of the motion:

1 1 1
hg = L—N; + FNZ y, Mg = kl T k2 (Nl - Ng) N (212a,b)
K3 = F3(Ny,Np) 215128 | Ky = Fy(Ny, Ny) 252 23", (2.12¢,d)

where as in the previous case the F3 and Fy functions are definted to give the Poisson bracket
{K3, K4} =iCmy, (2.13)
with C equal to £1. This condition implies that

C

m(m — Np)*N;7RNgF, (2.14)

F3F4 -
Thgrefore the set of constants of the motion {hz, mq, K. 3,1{4} generates the classical symmetry
Lie algebras u(2) or u(1, 1), depending if the value of C is +1 or —1, respectively.

3 Quantum Symmetry Lie Algebra for the Hamiltonian
D1

To quantize the system we replace the classical variables z and p by the corresponding quantum
operators in definitions (2.8), and Poisson brackets by commutators, i.e.,{} = $[]. Then the
classxcal varxables 2k a.nd zj; are replaced by the operators

2= —(i‘k +ipe), 2= 7(171; —-1ip), (3.1)

NS
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which satisfy the standard commutation relations of creation and annihilation operators.

We choose as a base for the physical space the simultaneous eigenstates of {/N;, N3}, which
we label as |ny,n; >, because they form a complete set of commuting operators. This let us
see that not all operators in (2.8) make sense all the time. According to the previous section
we consider three cases: i .

(i) For A = %1, we have two sets of operators, {I,Nl,ég,‘i;'} and {I,Nz,fl,ﬁl}, whose
commutation relations correspond to the direct sum w(1) ® u(1).

(ii) When X > 1 and A < —1, the set of constants of the motion (2.9), must be replaced by
its quantum version, however this is ambiguous for the constants (2.9¢,d) and so we eliminate
from them the Fy and F functions. It is easy to evaluate their commutators and get an algebra
but to identify a Lie algebra a redefinition of the constants of the motion must be done. This
is achieved by constructing the new operators (7]

. (N — ko) )
= (1 S ) e (220

i (N - k‘)!)%. (3.2b)

5= (2)" (I. PR ATE

where |z| denotes the largest integer < z. From (3.2) it is easy to check that

N;=3l3=|

N;
ol (3.3)

Then the Lie algebra is identified by considering the following @perators

. - - . - . 1, .~ -
hy=N-N,, Ks=33, Ke=%2, C= 5 (N + N + 1) . (3.4)
that satisfy the commutation relations
[é],]{s} = I;,s 3 [é],I;’G] = - .\"s ) [I?s,fi’s] = —2é1 . (35)

These were evaluated by using that [2,-,2;] = &;j, which is valid for any state |ny,ny > of

the Hilbert space of the system, and they are the generators of a u(1,1) Lie algebra, with hy
generating the invariant subalgebra.

(i) Finally for —=1 < A < 1, the symmetry algebra can be found by considering the
operators

Ky =515, Ky =37, hy=M+ Ny, Co=z(Ni-N,). (3.6)

D] e

Evaluating the commutation relations between these operators we have

[C2, R3] = K, [Ca, k4] = -K4, [K3, Ka] = 2Cs, (3.7)
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and the operator A is the ideal of the algebra. Thus we get for this case a u(2) symmetry Lie
algebra.

4 Conclusions

We have established a procedure that uses Noether’s theorem to find the symmetry Lie algebra
of a quantum system with accidental degeneracy. First, we solve the differential equations
that determine the constants of the motion. Second, once we have chosen the minimal set of
constants of the motion that close under Poisson brackets, to identify the classical Lie algebra

we need in general to form combinations of the selected Noether charges. And third, to find the
corresponding quantum counterparts. Afterwards, the identification of the quantum symmetry
Lie algebra can be done immediately by making the standard replacement of Poisson brackets by
commutators. However, this is true if there are not a.rnb1gu1t1es in establishing the associated
quantum operators for the constants of motion whleh form a Lie algebra under the Poisson

bracket operation. If thlS is not the case, 1t is ‘more convement to choose the minimal set of

to build the associated Lie algebra of the system. Followxng this procedure we get for the
generalized anisotropic two dimensional harmonic oscillator (1.4) the symmetry algebra which

determine the degeneracy of the system. The 'symmetry Lie a.lgebraé are, depending on the

value for A, w(1) & u(1), u(2), and u(1,1). However with the generators of the first one a
Holstem—anakoﬁ' realization [4] of a u(1,1) Lie algebra can be obtained.
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